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Abstract
We discuss the standard ab initio calculation of the refractive index by
means of the scalar dielectric function and point out its inherent limita-
tions. To overcome these, we start from the recently proposed fundamen-
tal, microscopic wave equation in materials in terms of the frequency- and
wavevector-dependent dielectric tensor, and investigate under which con-
ditions the standard treatment can be justified. Thereby, we address the
question of neglecting the wavevector dependence of microscopic response
functions. Furthermore, we analyze in how far the fundamental, microscopic
wave equation is equivalent to the standard wave equation used in theoretical
optics. In particular, we clarify the relation of the “effective” dielectric tensor
used there to the microscopic dielectric tensor defined in ab initio physics.
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1. Introduction
The conventional treatment of optical material properties in ab initio
materials physics is based on the standard relation between the macroscopic
dielectric function ε(ω) and the refractive index n(ω) given by1 (see Refs. [2,
Eq. (8.33)], [3, Eq. (2.17)], [4, Eqs. (18.26)], [5, Eq. (6.11)],[6, p. 534] or [7,
Eq. (2.203)])
n2(ω) = ε(ω) . (1.1)
The macroscopic dielectric function on its side is defined as the limit k → 0
of the microscopic (frequency- and wavevector-dependent) dielectric function
1Here, as in Ref. [1], we suppress the subscript “r” of the relative dielectric function and
simply write ε ≡ εr .
2
(see Refs. [2, Eqs. (8.25)], [3, Eq. (2.18)] or [4, Eq. (18.22)]):
ε(ω) = lim
|k|→0
ε(k, ω) . (1.2)
Importantly, the dielectric function used in these equations is typically cal-
culated from the density response function, and hence it corresponds to the
longitudinal part of the dielectric tensor (see Refs. [4, Eq. (18.23)], [8], [7,
§ 2.6.4], [9, Vol. 1, § 4]). This standard treatment delivers sensible results for
a huge variety of materials (see Refs. [10–16] for recent examples).
However, a recent, meritorious article by D. Sangalli et al. [17] has drawn
attention to the fact that in principle, optical properties should be calculated
from the wavevector-dependent current response tensor. Let us accordingly
summarize the main conceptual problems of the standard treatment by means
of the wavevector-independent dielectric function:
1. As a matter of principle, optical properties correspond to transverse
(although not necessarily purely transverse) electromagnetic waves in a
material, and hence they should not be deduced from a purely longitu-
dinal response function (at least not in a na¨ıve way).
2. The standard relation for the refractive index, Eq. (1.1), is only valid
in the limit k → 0, whereas light waves definitely have a non-vanishing
wavevector, i.e., k 6= 0.
3. In particular, for anisotropic media, the refractive index should at least
depend on the direction of the wavevector k.
4. Moreover, for birefringent or optically active materials, there are pola-
rization-dependent refractive indices. By contrast, Eq. (1.1) yields at
best one refractive index, whose corresponding polarization cannot even
be defined for vanishing wavevectors.
These considerations make it clear that in general, the calculation of optical
material properties requires the wave- and the polarization vector to be taken
into account, and this in turn requires a treatment based on the current re-
sponse tensor (or equivalently, the dielectric tensor [1, 18]). In fact, from the
dielectric tensor—which naturally contains much more information than the
scalar dielectric function—the density response function can be reconstructed
by means of the Universal Response Relations [19–21], while the converse is
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not true (see Refs. [2, 22–24]). However, in the limit k → 0, such relations
between different response functions cannot be evaluated due to their singu-
lar behavior (see, for example, Eq. (2.5) below, which relates the dielectric
function to the density response function). Correspondingly, the authors of
Ref. [17] have based their treatment on a full ab initio calculation of the
wavevector-dependent response functions. While this is certainly the right
approach in the most general case, the downside is that such wavevector-
dependent calculations are in general extremely demanding, in particular if
they are supposed to yield dispersion relations.
In this article, we resume this problem to show that it is possible—at
least in principle—to obtain wavevector-dependent optical properties without
calculating wavevector-dependent response functions numerically, provided
that the treatment is based on the proper conductivity tensor. Fittingly, a
recent numerical study [25] has provided evidence that it may be precisely this
quantity which is wavevector independent, at least for optical wavelengths.
We stress, however, that this condition cannot simultaneously apply to all
other response functions as well (see the discussion below). Concretely, it will
turn out that in the case of a wavevector-independent proper conductivity
tensor, the wavevector dependence of the microscopic wave equation can
be absorbed entirely in the wavevector dependence of the refractive index.
For the latter one can then formulate a pseudo-eigenvalue problem which is
explicit in that very wavevector and which coincides with a standard equation
used in theoretical optics.
The article is organized as follows: In § 2, we assemble some general re-
lations between wavevector-dependent response functions. In § 3, we discuss
the fundamental, microscopic wave equation in materials in terms of the
proper conductivity tensor, and we investigate the conditions under which
the standard treatment of optical material properties can be justified. In
particular, we define the effective dielectric tensor in terms of the proper
conductivity tensor, and we show that by rewriting the fundamental wave
equation in terms of this effective dielectric tensor, the resulting equation
agrees formally with the standard wave equation used in theoretical optics.
The subsequent § 4 is dedicated to an in-depth analysis of this wave equation
and its solutions under the assumption of a wavevector-independent proper
conductivity tensor. Finally, in the appendix we reproduce some well-known
optical properties within our general formalism by assuming special forms of
the effective dielectric tensor.
4
2. Response functions and wavevector dependence
Fundamentally, the current response tensor χ is related to the conduc-
tivity tensor σ by means of a Universal Response Relation [19, § 6], which
reads (see Refs. [7, Eqs. (2.177) and (2.198)], [22, Eq. (3.185)], [26], and for
a gauge-independent derivation see Ref. [20, § 3.2.3]):
↔
χ(x,x′;ω) = iω
↔
σ(x,x′;ω) . (2.1)
The current response tensor on its side is the spatial part of the fundamental
response tensor [23, § 7.4],
χµν(x, x
′) =
δjµind(x)
δAνext(x
′)
, (2.2)
where jµ = (cρ, j)T denotes the (induced) electromagnetic four-current, and
Aν = (ϕ/c,A)T the (external) four-potential. In the homogeneous limit,
the fundamental response tensor is of the following general form (see e.g.
Refs. [2, 19, 23, 24]):
χµν(k, ω) =
 − c2ω2 kT ↔χ(k, ω)k cω kT↔χ(k, ω)
− c
ω
↔
χ(k, ω)k
↔
χ(k, ω)
 . (2.3)
In particular, the density response function χ can be calculated from the
current response tensor as follows [22, Eq. (3.175)]:
χ(k, ω) :=
δρind(k, ω)
δϕext(k, ω)
=
1
c2
χ00(k, ω) = −
kT
↔
χ(k, ω)k
ω2
. (2.4)
We remark that the response relations (2.1)–(2.4) hold analogously for the
respective proper response functions, which relate the induced quantities to
the total (i.e., external plus induced) quantities (see Ref. [21, § 2.3]). Fur-
thermore, the proper density response function is related to the dielectric
function by the equation [7, Eq. (2.172)]
ε(k, ω) = 1− v(k) χ˜(k, ω) , (2.5)
where v(k) = 1/(ε0|k|2) denotes the Coulomb interaction kernel in Fourier
space. We stress again that the dielectric function in this equation actu-
ally coincides with the longitudinal part of the dielectric tensor (see Ref. [7,
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§ 2.6.4]) given by
ε(k, ω) ≡ εL(k, ω) = k
T↔ε (k, ω)k
|k|2 . (2.6)
With this, Eq. (2.5) can be shown directly by applying the functional chain
rule (see Refs. [19] and [27, § 5.1]).
Importantly, the microscopic current response tensor—or equivalently,
the microscopic conductivity tensor—already contains the complete infor-
mation about all linear electromagnetic response properties (this insight can
be traced back at least to Ref. [28]; the fact as such has also been stressed
recently in Ref. [18]; for a systematic derivation of all linear electromagnetic
response functions in terms of the conductivity tensor see also Ref. [19, § 5–
6]). In particular, it is possible to reconstruct from the microscopic conduc-
tivity tensor the response with respect to strictly longitudinal perturbations.
However, one has to stress that the corresponding response relations are for-
mulated in terms of response functions at finite wavevectors |k| > 0 (see
Ref. [17]). Hence, these relations can in general not be evaluated na¨ıvely in
the limit k → 0, but require precise knowledge about the response functions
in the vicinity of the origin and about the way this origin actually has to be
approached.
Finally, we remark that the response relations presented above hold in
this form only for homogeneous materials, while they become more involved
in the general (i.e., inhomogeneous) case [19, 29]. Moreover, such quantities
as the longitudinal or transverse dielectric function are actually meaningful
only in the isotropic limit (see Ref. [27, § 5.1]).
3. Linear wave equations in materials
3.1. Fundamental, microscopic wave equation
On a microscopic level, the most general, linear electromagnetic wave
equation in materials—which requires only spatial homogeneity—reads as
follows (see Refs. [1, 21, 27, 30, 31]):
↔
ε (k, ω)E(k, ω) = 0 . (3.1)
Here,
↔
ε (k, ω) denotes the ab initio dielectric tensor, which is defined by the
linear approximation (see Refs. [7, Eq. (2.140)], [32, Eq. (5.198) and (5.203)],
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and [33, Eq. (E.10)]),
Eext(k, ω) =
↔
ε (k, ω)Etot(k, ω) , (3.2)
where E ≡ Etot . Although the ab initio derivation of the fundamental wave
equation (3.1) is somewhat complicated [21, § 4.1], its ultimate meaning is
just that the external field does not penetrate the material or, put differently,
that the electromagnetic waves in the material correspond to the material’s
proper oscillations. Accordingly, in the case of an isotropic medium, the
fundamental wave equation decouples into
εL(k, ω)EL(k, ω) = 0 , (3.3)
εT(k, ω)ET(k, ω) = 0 , (3.4)
equations which are formulated in terms of the longitudinal and transverse
dielectric functions. The resulting conditions for the existence of nontrivial
solutions,
εL(k, ωkL) = 0 , (3.5)
εT(k, ωkT) = 0 , (3.6)
determine the respective dispersion relations, ωkL and ωkT, of the electro-
magnetic proper oscillations of the material [30, Eq. (2.34)]. In the longi-
tudinal case described by Eq. (3.5), the resulting waves are conventionally
called plasmons (see e.g. Refs. [22, Eq. (5.49)], [34, Eq. (14.78)], and [35,
Eq. (4.92)]). The corresponding transverse proper oscillations determined
by Eq. (3.6)—whose existence can already be deduced per analogiam from
Eq. (3.5)—obviously describe the propagation of light in the medium. In the
most general (i.e., not necessarily isotropic) case, however, both equations
combine into the unified wave equation (3.1). It remains to discuss in how
far this fundamental, microscopic wave equation translates into the standard
wave equation used in theoretical optics.
3.2. Wave equation used in theoretical optics
For the above purpose, we now reformulate the general wave equation
(3.1) in terms of the microscopic proper conductivity tensor [21, § 2.3]. As a
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matter of principle [21, § 2.5], this quantity is related to the dielectric tensor
via [30, Eqs. (2.24)–(2.25)]
↔
ε (k, ω) =
↔
1 −
↔
E(k, ω)
1
iωε0
↔
σ˜(k, ω) , (3.7)
where the electric solution generator [21, § 2.4] is given in terms of the well-
known longitudinal and transverse projection operators [27, Eqs. (2.1) and
(2.2)] by the concise formula
↔
E(k, ω) =
↔
P L(k) +
ω2
ω2 − c2|k|2
↔
PT(k) . (3.8)
With this, the fundamental wave equation (3.1) can be rewritten as
↔
E
−1(k, ω)E(k, ω) =
1
iωε0
↔
σ˜(k, ω)E(k, ω) , (3.9)
and further using Eq. (3.8), we can recast it into the form(
−ω
2
c2
(
↔
1 −
↔
σ˜(k, ω)
iωε0
)
+ |k|2
↔
PT(k)
)
E(k, ω) = 0 . (3.10)
Finally, by applying the vector identity
k × (k ×E(k, ω)) = −|k|2↔PT(k)E(k, ω) , (3.11)
and by defining the effective dielectric tensor as
↔
ε eff(k, ω)
def
=
↔
1 −
↔
σ˜(k, ω)
iωε0
, (3.12)
we can bring Eq. (3.10) into the equivalent form
−ω
2
c2
↔
ε eff(k, ω)E(k, ω) = k ×
(
k ×E(k, ω)) . (3.13)
This equation formally agrees with the standard wave equation used in theo-
retical optics and solid state physics (see e.g. Refs. [36, Eq. (1)], [37, Eq. (4.11)],
[38, Eq. (2.2.9)], and [39, Eq. (41.2)]). We emphasize, however, that the
effective dielectric tensor appearing in Eq. (3.13) is actually not identical,
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but only approximately equal (in the limit k → 0) to the real (i.e., ab ini-
tio) dielectric tensor defined in Eq. (3.2) (compare Eqs. (3.7) and (3.12)).
Put differently, we observe here an astonishing “error cancellation”: the phe-
nomenological wave equation (3.13) combined with the approximate relation
between the dielectric tensor and the conductivity tensor, Eq. (3.12), is pre-
cisely equivalent to the exact wave equation (3.1) in the form of Eq. (3.10).
This explains, in particular, why the ab initio treatment of the refractive
index, if based on Eq. (3.10), will be entirely correct even though it does
not explicitly start from the fundamental wave equation (3.1) (compare also
Ref. [30], Eqs. (2.29)–(2.30), (2.33)–(2.34), and comments]).
Next, we consider again the isotropic limit: from Eqs. (3.7)–(3.8), it fol-
lows that Eq. (3.12) holds exactly for the longitudinal dielectric function [33,
Eq. (E.11)], i.e.,
εL(k, ω) = 1− σ˜L(k, ω)
iωε0
= εeff,L(k, ω) . (3.14)
On the other hand, for the transverse parts we find2
εT(k, ω) = 1− ω
2
ω2 − c2|k|2
1
iωε0
σ˜T(k, ω) =
εeff,T(k, ω)ω
2 − c2|k|2
ω2 − c2|k|2 . (3.15)
Furthermore, Eq. (3.13) decouples in the isotropic limit into two separate
wave equations for the longitudinal and transverse electric field components:
εeff,L(k, ω)EL(k, ω) = 0 , (3.16)(
−ω
2
c2
εeff,T(k, ω) + |k|2
)
ET(k, ω) = 0 . (3.17)
Together with Eqs. (3.14)–(3.15), these equations are in fact equivalent to
Eqs. (3.3)–(3.4) from the previous subsection. This explains, in particu-
lar, why in ab initio physics one usually works with two entirely different
wave equations, both formulated in terms of the dielectric function: the phe-
nomenological wave equation (3.13), which is usually used for optical, i.e.,
transverse oscillations only, and the plasmon equation (3.3), which is used for
2The identities (3.14) and (3.15) may be compared to Ref. [1, Eqs. (53) and (53)];
in particular, the phenomenological model defined in Ref. [1] has the property that
εeff,L(k, ω) = εeff,T(k, ω) = εeff with a constant, scalar effective permittivity εeff .
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longitudinal oscillations. In actual fact, however, by using the exact relation
(3.7) between the dielectric tensor and the conductivity tensor, both wave
equations turn out to be of the same type; and in case that longitudinal and
transverse oscillations do not decouple, they have to be combined into the
fundamental wave equation (3.1).
Finally, we also comment on the wave equation corresponding to the
standard equation (1.1) for the refractive index, which is [7, Eq. (2.203)](
−ω
2
c2
εL(ω) + |k|2
)
ET(k, ω) = 0 . (3.18)
Curiously, this is a wave equation for a transverse electric field, which is how-
ever formulated in terms of the longitudinal dielectric function. Nevertheless,
this equation can also be justified from the fundamental wave equation in
the isotropic case, i.e., from Eqs. (3.3)–(3.4): At optical wavelengths (i.e.,
for small wavevectors), it is plausible to assume that the longitudinal and
transverse conductivities coincide in the sense of
σ˜L(k, ω) = σ˜T(k, ω) . (3.19)
With this relation, one shows directly from Eq. (3.7) that the longitudinal
and transverse dielectric functions are related as follows [21, § 4.4]:(
−ω
2
c2
+ |k|2
)
εT(k, ω) = −ω
2
c2
εL(k, ω) + |k|2 . (3.20)
Together with the fundamental wave equation (3.4), this implies(
−ω
2
c2
εL(k, ω) + |k|2
)
ET(k, ω) =
(
−ω
2
c2
+ |k|2
)
εT(k, ω)ET(k, ω) = 0 .
(3.21)
Finally, by neglecting the k dependence of εL we arrive at the assertion, Eq.
(3.18). On the other hand, since the condition (3.19) will not always be
true, and since the k dependence of εL can not always be neglected, this
corroborates again our initial statement (see § 1) that in the most general
case, the deduction of optical material properties should not be based on the
standard relation (1.1).
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4. Optical properties from conductivity tensor
4.1. Fundamental wave equation in optical limit
The above considerations have shown that as a matter of principle, optical
properties have to be deduced from the general wave equation encompassing
the transverse subspace, i.e., from Eq. (3.1), or from its standard form given
by Eq. (3.13), which can also be written as
↔
ε eff(k, ω)E(k, ω) =
c2|k|2
ω2
↔
PT(k)E(k, ω) . (4.1)
Unfortunately, this equation requires (via the relation (3.12)) knowledge of
the full, i.e., frequency- and wavevector-dependent conductivity tensor, which
is computationally very demanding. Moreover, even if the full conductivity
tensor or the corresponding effective dielectric tensor is known, the disper-
sion relation ω = ωk has to be deduced from the implicit equation (4.1),
where the frequency appears not only explicitly on the right-hand side but
also implicitly as an argument of the dielectric tensor. Consequently, also
the refractive index, which is defined by (see Refs. [38, Eq. (1.2.5)] or [40,
Eq. (11.12)])
nk =
c|k|
ωk
, (4.2)
is only given by an implicit equation (see Ref. [21, § 4.2]).
The decisive point is now that instead of interpreting Eq. (4.1) as an
implicit equation determining the frequency (or the refractive index) as a
function of the wavevector, one may instead also fix the frequency and the
direction of the wavevector, kˆ := k/|k|, and regard Eq. (4.1) as an implicit
equation determining the modulus of the wavevector |k|. Correspondingly,
one can also consider the refractive index as a function of the frequency and
the direction of the wavevector, n = n(kˆ, ω). The modulus of the wavevector
is then given in terms of this refractive index by
|k| = ω
c
n(kˆ, ω) . (4.3)
Even in this case, though, the refractive index is given only implicitly by Eq.
(4.1), because the modulus |k| does not only appear explicitly on the right-
hand side of this equation but also implicitly as an argument of the effective
dielectric tensor, εeff = εeff(kˆ, |k|, ω).
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However, a pragmatic assumption to overcome these difficulties is the
following: although the relations between different response functions are in
general wavevector dependent (see § 2), it is not contradictory to assume that
one particular response function is actually wavevector independent (at least
approximately), whereby it has to be stressed that this assumption cannot be
upheld simultaneously for all response functions (see again § 2, or the most
general Universal Response Relations in Ref. [19, § 6]). In fact, the standard
approach suggests that the assumption of wavevector independence actually
applies to the proper conductivity tensor, or equivalently (see Eq. (2.1)), to
the proper current response tensor. Note, however, that in this case the
wavevector independence of the conductivity tensor implies that the density
response function as well as the dielectric tensor are definitely wavevector
dependent (see Eqs. (2.4) and (3.7)).
Thus, we assume that at optical wavelengths, the proper conductivity ten-
sor is wavevector independent in the sense that
↔
σ˜(k, ω) =
↔
σ˜(ω) , (4.4)
equation which defines the so-called optical limit. In the following, we will
investigate the general wave equation under this additional assumption.
First, Eq. (4.4) implies that also the effective dielectric tensor defined by
Eq. (3.12) depends only on the frequency. This in turn greatly simplifies the
solution of the wave equation (4.1), which now becomes an explicit equation
determining the modulus of the wavevector |k| as a function of kˆ and ω. In
fact, since the transverse projection operator on its side depends only on the
direction (and not on the modulus) of the wavevector,
↔
PT(k) =
↔
1 − kk
T
|k|2 =
↔
PT(kˆ) , (4.5)
the frequency- and direction-dependent refractive indices can now be deter-
mined by an explicit equation, whose directional dependence comes into play
via the transverse projection operator. To show this, we make the following
ansatz for the electric field in Fourier space:
E(k, ω) = e(kˆ, ω) δ
(
|k| − ω
c
n(kˆ, ω)
)
+ e∗(−kˆ,−ω) δ
(
|k|+ ω
c
n(−kˆ,−ω)
)
,
(4.6)
12
where e(kˆ, ω) is the so-called polarization vector, which we assume to be
normalized. The polarization vector may, in principle, also depend on the
frequency (though in praxi it is usually frequency independent). The ansatz
(4.6) fulfills the constraint condition
E(k, ω) = E∗(−k,−ω) , (4.7)
which guarantees that the electric field is real-valued in the space-time do-
main. Now, by putting Eq. (4.6) into Eq. (4.1), we see that our ansatz solves
the general wave equation provided that the polarization vector fulfills the
central equation for the joint determination of refractive indices and polar-
ization vectors:
↔
ε eff(ω) e(kˆ, ω) = n
2(kˆ, ω)
↔
PT(kˆ) e(kˆ, ω) , (4.8)
as well as the analogous condition
↔
ε eff(ω) e
∗(−kˆ,−ω) = n2(−kˆ,−ω)
↔
PT(kˆ) e
∗(−kˆ,−ω) . (4.9)
Furthermore, the reality condition on the effective dielectric tensor,
↔
ε eff(ω) = (
↔
ε eff)
∗(−ω) , (4.10)
and the trivial fact that
↔
PT(kˆ) = (
↔
PT)
∗(−kˆ) , (4.11)
together imply that the condition (4.9) is actually equivalent to Eq. (4.8) and
can therefore be discarded. On the other hand, by combining Eqs. (4.8) and
(4.9) one sees directly that
e(kˆ, ω) = e∗(−kˆ,−ω) , (4.12)
n2(kˆ, ω) = n2(−kˆ,−ω) , (4.13)
and since Eq. (4.3) should always yield a positive result for the modulus of
the wavevector [41], we may even set
n(kˆ, ω) = −n(−kˆ,−ω) . (4.14)
In summary, Eq. (4.8) is the central equation for the joint determination
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of the frequency- and direction-dependent refractive indices and the corre-
sponding polarization vectors. The logic of this central equation is this:
the frequency and the direction of the wavevector are independent variables
which, in principle, can be prescribed arbitrarily; these being given, Eq. (4.8)
determines the refractive index and via Eq. (4.3) the modulus of the wavevec-
tor, as well as the possible polarization vectors of the proper oscillations with
the given frequency and direction.
Finally, we remark that Eq. (4.1) is formally analogous to the equation
D = ε0n
2ET , which is known in theoretical optics (see Refs. [42, § 15.2,
Eqs. (2) and (4)] and [43, Eq. (6.21)]). Note, however, that one can in
general not apply the standard methods of theoretical optics to this equation,
because the effective dielectric tensor—stemming form a retarded response
function calculated by the Kubo formula—is typically not hermitean (as it is
assumed in theoretical optics) and hence not necessarily diagonalizable. In
the following, we will study in detail the solutions of Eq. (4.8) without any
particular assumption on the effective dielectric tensor.
4.2. Radiation modes and generalized plasmons
Although Eq. (4.8) is not a simple eigenvalue problem for the effective
dielectric tensor, it allows for a somewhat analogous mathematical treatment:
nontrivial solutions exist if and only if the condition (see Refs. [37, Eq. (4.12)],
[44, Eq. (77.9)] and [45, Eq. (2.14)])
det
(
↔
ε eff(ω)− n2(kˆ, ω)
↔
PT(kˆ)
)
= 0 (4.15)
is fulfilled. As stressed above, for given direction kˆ and frequency ω, this
equation determines the refractive indices nλ(kˆ, ω), which we label by an
index λ ∈ N (later, we will see that λ ∈ {1, 2}). These solutions can be
studied most conveniently by choosing for each direction kˆ an orthonormal
basis in R3, i.e., three (real) vectors ek1, ek2, ek3 with the property that
eki · ekj = δij . We further assume that ek1 and ek2 are perpendicular to k,
i.e., in the transverse subspace, while ek3 = kˆ is in the longitudinal subspace.
In this basis, Eq. (4.15) takes the following form:
det
 ε11 − n
2 ε12 ε13
ε21 ε22 − n2 ε23
ε31 ε32 ε33
 = 0 , (4.16)
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where we have defined
εij(kˆ, ω)
def
= eT
ki
↔
ε eff(ω) ekj . (4.17)
We emphasize that these components of the effective dielectric tensor refer
to a basis in k-space (and hence not to a fixed basis in real space). In
particular, this implies that the matrix appearing in Eq. (4.16) does in fact
depend on the direction k, although the original effective dielectric tensor is
purely frequency dependent.
Given a refractive index n2λ which solves Eq. (4.16), one further obtains
the (normalized) vectors vλ = (v
1
λ, v
2
λ, v
3
λ)
T which fulfill the homogeneous
equation  ε11 − n
2
λ ε12 ε13
ε21 ε22 − n2λ ε23
ε31 ε32 ε33

 v
1
λ
v2λ
v3λ
 = 0 . (4.18)
The corresponding (normalized) polarization vectors, which solve Eq. (4.8),
can then be written as
eλ(kˆ, ω) = v
1
λ(kˆ, ω) ek1 + v
2
λ(kˆ, ω) ek2 + v
3
λ(kˆ, ω) ek3 , (4.19)
and hence they are, in general, not purely transverse (and possibly complex
at that).
In the remainder of this subsection, we will deduce some general properties
of the solutions of Eqs. (4.16) and (4.18). In the next subsection, we will
then derive explicit expressions for the refractive indices in the most general
case of an anisotropic material, and in Appendix A we will investigate some
special cases.
The first important observation concerning Eq. (4.16) is that in general,
it leads to a polynomial equation of second order in n2, and hence there are
(for each direction and frequency) at most two (possibly complex) refractive
indices, which we denote by nλ(kˆ, ω) with λ ∈ {1, 2}. This is in contrast to
an ordinary eigenvalue problem for a (3× 3)-matrix, which would in general
have three solutions, and this is a consequence of the transverse projection
operator appearing on the right-hand side of Eq. (4.8).
However, the shear fact that there at most two different refractive in-
dices does not answer the question of how many radiation modes exist in the
medium with a given frequency and direction. Here, we define a radiation
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mode as a solution (n2(kˆ, ω), e(kˆ, ω)) of the central Eq. (4.8) with the fol-
lowing properties: (i) the refractive index is non-zero, n2(kˆ, ω) 6= 0, and (ii)
the polarization vector has a non-vanishing transverse part, eT(kˆ, ω) 6= 0.
The first condition is necessary because by Eq. (4.3), a vanishing refractive
index would imply that |k| = 0. The second condition excludes the purely
longitudinal proper oscillations of the medium, which are usually referred to
as plasmons (see comments below). In other words, the question is now the
following: for a given frequency and direction, how many linearly indepen-
dent polarization vectors exist which solve Eq. (4.8) and which are not purely
longitudinal? In analogy to the vacuum case, one might assume that there
are actually two such modes for each direction and frequency (see Appendix
A.1). In order to prove this hypothesis, we take again recourse to theoretical
optics (see e.g. Refs. [37, § 4.2] and [46, p. 300]), whereby we distinguish two
cases depending on the determinant of the effective dielectric tensor.
Case 1: The effective dielectric tensor is invertible, hence det
↔
ε eff 6= 0. In
this case, acting on Eq. (4.8) first with the inverse effective dielectric tensor
and then with the transverse projector, we obtain(↔
PT(kˆ) (
↔
ε eff)
−1(ω)
↔
PT(kˆ)
)
eT(kˆ, ω) =
1
n2(kˆ, ω)
eT(kˆ, ω) , (4.20)
where eT(kˆ, ω) = PT(kˆ)e(kˆ, ω). In the transverse subspace, this now is an
eigenvalue problem, which shows that the (transverse parts of the) polariza-
tion vectors can be characterized as eigenvectors of a suitably defined (2×2)
matrix. The transverse part of the polarization vector being given, we can
then calculate the longitudinal part by the explicit formula
eL(kˆ, ω) = n
2(ω, kˆ) (
↔
ε eff)
−1(ω) eT(kˆ, ω)− eT(kˆ, ω) , (4.21)
which follows again from the central Eq. (4.8). Consequently, there are at
most two polarization vectors which possess a transverse part and thereby
qualify as radiation modes.
Case 2: The effective dielectric tensor is not invertible, hence det
↔
ε eff = 0.
In this case, one obvious solution of Eq. (4.16) is n2 = 0, which does not
qualify as a radiation mode. The other refractive index may be non-zero,
and consequently, the possible polarization vectors are determined by the null
space defined in Eq. (4.18) with only one possible refractive index n2 6= 0.
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This null space could in principle even be three-dimensional; however, in
this case the only non-vanishing components of the effective dielectric tensor
would be ε11 = ε22 = n
2 , and hence there would again be two transverse
and one longitudinal oscillation. Thus, even in the case of a singular effective
dielectric tensor, there at most two radiation modes.
It remains to discuss whether the kernel of the dielectric tensor has a
physical meaning. For this purpose, we consider the condition
↔
ε eff(ω) e(kˆ, ω) = 0 . (4.22)
If this equation is supposed to give rise to a proper oscillation of the medium,
then the central equation (4.8) has to be fulfilled as well. A comparison shows
that in this case, we either have n2(kˆ, ω) = 0 or eT(kˆ, ω) = 0. The first pos-
sibility can again be discarded. By contrast, the second possibility states
that the proper oscillation is purely longitudinal and hence corresponds to a
so-called plasmon. Thus, Eq. (4.22) combined with the longitudinality con-
dition constitutes the generalized plasmon equation, which generalizes the
well-known condition (3.5) for isotropic media. In particular, since the ef-
fective dielectric tensor does not necessarily have a non-trivial kernel, this
shows that plasmons do not necessarily exist in any material.
4.3. General formulae for refractive indices
In this final section, we study the refractive indices in the most general
case of an anisotropic material, for which the off-diagonal components of the
(effective) dielectric tensor do not vanish. In this case, Eq. (4.16) leads to
the following equation, which is quadratic in n2 :
n4 ε33 − n2
(
(ε11 + ε22) ε33 − ε13 ε31 − ε23 ε32
)
+ det
↔
ε eff = 0 . (4.23)
In theoretical optics, this is sometimes referred to as the Fresnel equation (in
honor of the legendary Augustin Jean Fresnel (1788–1827)) (see e.g. Refs. [45,
Eq. (2.14)] or [46, p. 300]). Note, however, that this equation must not be
confused with the Fresnel equations used for the intensity distribution for
reflection at a material interface (see Ref. [31] for a recent discussion).
For studying the solutions of Eq. (4.23), we distinguish again two cases
depending on the value of ε33 . The latter parameter coincides, via the relation
ε33(kˆ, ω)
↔
PL(kˆ) =
↔
PL(kˆ)
↔
ε eff(ω)
↔
PL(kˆ) ≡ (↔ε eff)LL(kˆ, ω) , (4.24)
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with the longitudinal projection (see Ref. [27, § 2.1]) of the effective dielectric
tensor.
Case a: It may happen that at the given frequency and direction, we obtain
ε33(kˆ, ω) = 0. For such frequencies, Eq. (4.23) reduces to
n2 (ε13 ε31 + ε23 ε32) + det
↔
ε eff = 0 , (4.25)
and this equation has precisely one solution n2 given by
n2 = − det
↔
ε eff
ε13 ε31 + ε23 ε32
. (4.26)
Here, we have assumed that the denominator does not vanish (which will
generally be the case for anisotropic materials).
Case b: ε33(kˆ, ω) 6= 0. Now, Eq. (4.23) has generally two (possibly complex)
solutions given by
n21/2 =
1
2
(
ε11 + ε22 − ε13 ε31 + ε23 ε32
ε33
)
± 1
2
√(
ε11 + ε22 − ε13 ε31 + ε23 ε32
ε33
)2
− 4 det
↔
ε eff
ε33
.
(4.27)
For frequencies ω = ω(kˆ) which satisfy
det
↔
ε eff(kˆ, ω) = 0 , (4.28)
these solutions turn into
n21 = ε11 + ε22 −
ε13 ε31 + ε23 ε32
ε33
(4.29)
and n22 = 0, where the latter refractive index can be discarded. (Thus, we
recover Case 2 treated in the previous subsection.)
To summarize, Eqs. (4.18) and (4.27) solve the problem of calculating
the refractive indices and polarization vectors in the most general case of a
possibly non-diagonalizable effective dielectric tensor. We emphasize again
that all the above formulae refer to the effective dielectric tensor defined by
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Eq. (3.12). This can be calculated from the wavevector-independent proper
conductivity tensor, but still allows one to deduce wavevector-dependent op-
tical material properties from first principles.
5. Conclusion
We have concisely criticized the standard calculation of the refractive
index from the scalar, wavevector-independent dielectric function. Conse-
quently, we have based our treatment of the refractive index on the funda-
mental, microscopic wave equation in materials, Eq. (3.1), which involves in
general a wavevector-dependent dielectric tensor. We have proven the equiv-
alence of this fundamental, microscopic wave equation to the standard wave
equation used in theoretical optics, Eq. (3.13), under the assumption that
the latter refers to the effective dielectric tensor (3.12) rather than to the
fundamental (ab initio) dielectric tensor (3.2). Thereby, we have shown that
the combination of ab initio methods for calculating the proper conductivity
tensor—which is a standard target quantity of any modern ab initio mate-
rials simulation code [47–50] (see also the discussion in Ref. [51, § II])—with
the Fresnel equation from theoretical optics, Eq. (4.23), solves the prob-
lem of calculating wavevector-dependent optical properties from wavevector-
independent response functions. Correspondingly, the central equation for
the joint determination of frequency- and direction-dependent refractive in-
dices and their respective polarization vectors is given by Eq. (4.8).
Besides these results, we have also clarified some more general theoretical
questions such as the following: (i) Under which conditions does the stan-
dard formula (1.1) for the refractive index actually hold (see Eq. (3.19))?
(ii) By which formula should it be replaced if these conditions are not ful-
filled (see Eqs. (4.1) and (4.2))? (iii) To which response function does the
assumption of wavevector independence actually apply in the standard treat-
ment (see Eq. (4.4))? (vi) What is the relation between the dielectric tensors
(3.2) and (3.12) used respectively in ab initio physics and theoretical optics
(see Eq. (3.7))?
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A. Applications
For the convenience of the reader, we reproduce in this appendix some
standard results from the fundamental formulae (4.18) and (4.27) by intro-
ducing suitable approximations.
A.1. Vacuum
First, in the absence of a medium, the conductivity tensor vanishes and
hence the effective dielectric tensor equals the identity matrix. Thus, in
vacuo, the only solution of Eq. (4.16) is n2 = 1 corresponding to the disper-
sion relation ωk = c|k|. Furthermore, for this refractive index there are two
orthogonal polarization vectors ek1 and ek2 which are both purely transverse.
A.2. Isotropic material
Next, for an isotropic material, we have only two independent components
of the (effective) dielectric tensor:
ε11(kˆ, ω) = ε22(kˆ, ω) = εeff,T(kˆ, ω) , (A.1)
ε33(kˆ, ω) = εeff,L(kˆ, ω) . (A.2)
Correspondingly, the refractive indices are determined by the condition(
εeff,T(kˆ, ω)− n2(kˆ, ω)
)2
εeff,L(kˆ, ω) = 0 . (A.3)
We further distinguish between the following two cases. First, we consider
εeff,L(kˆ, ω) = 0. This condition determines the frequency as a function of
the direction. In fact, those frequecies ω = ω(kˆ) for which the longitudinal
dielectric function vanishes are precisely the plasmon frequencies in the iso-
tropic case (see Eq. (3.3)). The corresponding polarization vectors are purely
longitudinal. By contrast, the concept of a refractive index is not meaningful
in this case because Eq. (A.3) is then fulfilled for any n. Secondly, we consider
εeff,L(kˆ, ω) 6= 0. Away from the plasmon frequencies, Eq. (A.3) has a two-fold
root given in terms of the transverse dielectric function by
n21/2(kˆ, ω) = εeff,T(kˆ, ω) . (A.4)
We note that this equation in terms of the effective transverse dielectric func-
tion is fully equivalent to its counterpart Eq. (3.6), which is formulated in
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terms of the fundamental (ab initio) transverse dielectric function. Further-
more, in this second case, any two transverse, mutually orthogonal vectors
ek1 and ek2 can be regarded as polarization vectors, which share the same
refractive index given by Eq. (A.4). Thus, for an isotropic medium we recover
the well-known results described already in § 3.1.
A.3. Optical activity
A more general case, which includes the isotropic limit, is defined by the
absence of the longitudinal-transverse cross-couplings, i.e., by
↔
P L(kˆ)
↔
ε eff(ω)
↔
PT(kˆ) =
↔
PT(kˆ)
↔
ε eff(ω)
↔
PL(k) = 0 . (A.5)
In this case, the fundamental Eq. (4.16) simplifies to
det
 ε11 − n
2 ε12 0
ε21 ε22 − n2 0
0 0 ε33
 = 0 . (A.6)
Now, the generalized plasmon equation (4.22) together with the condition
eT(kˆ, ω) = 0 simply implies ε33(kˆ, ω) = 0, and the corresponding frequen-
cies are precisely the plasmon frequencies. Furthermore, there exist at most
two purely transverse polarization vectors corresponding to two, in general
different, refractive indices. These can be characterized as the eigenvectors
and eigenvalues of the (2 × 2) block matrix corresponding to the transverse
subspace. Again, this block matrix does in general not have to be hermitean.
It may, in special cases, be of the form ε11 = ε22 and ε12 = −ε21, such that
the general formula (4.27) implies n2± = ε11 ± iε12 and the eigenvectors turn
out to be of the form e± = (e1± ie2)/
√
2 (see Ref. [43, p. 182)]). In this case,
the dielectric tensor induces optical activity in the respective direction (see
e.g. Ref. [43, Eq. (6.39)]). On the other hand, for ε11 = ε22 and ε12 = ε21 = 0,
we recover again the results from the previous subsection.
A.4. Birefringence
As a matter of principle, the formalism presented in this article encom-
passes birefringence as well. To demonstrate this, we consider here for the
sake of simplicity the case of a uniaxial birefringent material, whose proper
conductivity tensor is of the form
↔
σ˜(ω) = σ0(ω)
↔
1 + (∆σ)(ω) aˆaˆT , (A.7)
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where aˆ denotes a fixed unit vector in real space, the so-called optical axis.
In this case, all direction-dependent refractive indices can be calculated an-
alytically from our formalism. For this purpose, let us define the reference
indices
n21(ω) = 1−
σ0(ω)
iωε0
, (A.8)
n22(ω) = 1−
σ0(ω) + (∆σ)(ω)
iωε0
. (A.9)
In terms of these, the effective dielectric tensor can be written as
↔
ε eff(ω) ≡
↔
1 −
↔
σ˜(ω)
iωε0
= n21(ω)
↔
PT(aˆ) + n
2
2(ω)
↔
PL(aˆ) , (A.10)
where PL(aˆ) and PT(aˆ) denote the longitudinal and transverse projection
operators in the direction of aˆ. We first note that for kˆ = aˆ, i.e., if the
wavevector is parallel to the optical axis, we recover the results derived in
the isotropic case (see §A.2), with two purely transverse polarization vectors
sharing the same refractive index n21(ω). The situation is more complicated
in the case where kˆ 6= aˆ. Then, we make the ansatz
eor(kˆ) =
kˆ × aˆ
|kˆ × aˆ| (A.11)
for the first polarization vector, which is both orthogonal to the wavevector
(i.e., purely transverse) and to the optical axis. One sees directly that this
polarization vector indeed solves the central equation (4.8) with the refractive
index n2or(ω) = n
2
1(ω). Hence, the first refractive index is independent of the
direction although the polarization vector is not. This solution corresponds to
the so-called ordinary ray. In addition, one has to consider the extraordinary
ray, for whose polarization vector we make the ansatz
eex(kˆ, ω) = A(kˆ, ω) kˆ +B(kˆ, ω) aˆ , (A.12)
such that eex is perpendicular to eor . The two scalar functions A and B have
to be determined together with the refractive index nex(kˆ, ω) by putting this
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ansatz into the central equation (4.8) and taking into account the normaliza-
tion condition |eex(kˆ, ω)| = 1. Defining the angle α(kˆ) between kˆ and aˆ by
cos[α(kˆ)] = kˆ · aˆ , (A.13)
we thus obtain after a lengthy but straightforward calculation the refractive
index of the extraordinary ray,
n2ex =
n21 n
2
2
n21 sin
2 α + n22 cos
2 α
, (A.14)
as well as the coefficient functions
B =
(
sin2 α +
(
1− n
2
ex
n21
)2
cos2 α
)−1/2
, (A.15)
and
A = −n
2
ex cosα
n21
B . (A.16)
In particular, we see that the polarization vector of the extraordinary ray is
not purely transverse but encloses an angle ϕex with the wavevector given by
cosϕex ≡ kˆ · eex = A+B cosα . (A.17)
Hence, the ray direction (which is—in general—defined by the Poynting vec-
tor) and the direction of the wavevector do not coincide—fact which ac-
counts for the “extraordinary” behaviour. Finally, for α → 0, one can show
that n2ex → n21 and (cosϕex)→ 0, thus the extraordinary ray becomes purely
transverse and shares the same refractive index with the ordinary ray, which
is consistent with the results discussed in the case where kˆ = aˆ. All of this is
in complete accordance with the standard results for birefringent materials
(see e.g. Ref. [52, § 4.5]).
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